Abstract. In this contribution, free vibration of axially functionally graded beams is analysed within the framework of the Euler-Bernoulli beam theory. The beams with uniaxial variation of the elasticity modulus and mass density are approximated by an equivalent beam with piecewise exponentially varying geometrical and material properties. A numerical example for a beam with pinned ends is presented.
Introduction
Functionally graded (FG) beams are composites characterized by the volume fraction of different materials (ceramic and metal) which is varied continuously with the thickness and/or the length of the beam. Through an appropriate selection of the volume fraction the FG beam with expected thermal and mechanical properties can be obtained. Therefore, the FG beams can be used in various engineering applications.
Vibration of non-homogenous beams is the subject of investigations presented in many papers. The free vibrations of FG beams was analyzed by using various methods in papers [1] [2] [3] [4] [5] . The finite element method to the free vibration problem of a FG beams was applied by Alshorbagy et al. in paper [1] . The presented analysis concerns the FG beams assuming a simple power law of a change of the material distribution through the thickness or the longitudinal direction. Hein and Feklistova [2] present an application of the Haar wavelet approach to free vibrations of FG beams with various boundary conditions and varying cross-sections. In paper [3] by Anandrao et al. the finite element system of equations to free vibration analysis of the FG beams is derived. The variation of material properties across the thickness of the beam was governed by a power law distribution. The free vibration and stability of tapered beams made of axially FG materials were studied by Shahba and Rajasekaran [4] . The solution to the problem was obtained by applying a differential transform element method. The exact solution to free vibration of axially exponentially graded beams is presented by Li et al. in reference [5] . Free vibration of axially FG beams consisting of two segments was studied in paper [6] . The analytical solution to the problem was obtained by assumption that the changes of the cross-sectional area and material properties in the beam segments have an exponential form.
This paper presents a solution to the problem of free vibration of a beam consisting of an arbitrary number of axially exponentially graded beam segments. The frequency equation is numerically solved. The eigenfrequencies are presented in a tabular form.
Mathematical formulation of the problem
Consider an axially graded and non-uniform beam of length L. It is assumed that material properties and/or cross-section of the beam vary continuously along the length direction. According to the Euler-Bernoulli beam theory, the governing differential equation is given by
where x is axial coordinate, ( ) denote the mass density and cross-sectional area, respectively. In this contribution it is assumed that
where D is a reference value of EI at 0 = x , m is a reference value of A ρ at 0 = x and f is a function which has continuous derivatives up to the second order.
The function ( )
, is approximated by the functions of exponential form, i.e.
( )
Taking into account equations (3) in equations (2), one obtains
Denoting the length of the i-th element as
, the gradient parameters i β are given by ( ) ( )
Assuming the transverse displacement of the beam in the form ( ) ( )
, the governing equation for such a piecewise beam can be expressed by
where ( )
, are the corresponding amplitude functions and ω is the circular frequency of the beam, one obtains
Introducing the non-dimensional variables
equations (8) can be rewritten as
After some transformations we can rewrite equations (10) as follows: 
Solution of the free vibration problem
The general solution of equations (11) has the following form ( ) ( ) , , sinh cosh sin cos
The above solutions will be applied to boundary conditions for pinned-pinned beam as follows
The matching conditions between two connecting elements of the piecewise beams satisfy the following continuity conditions 
Substituting functions (12) into boundary and continuity conditions given by equations (13) and (14), we obtain the free vibration problem in the form
where 
is then solved numerically using an approximate method.
Numerical example
The numerical computations were performed for pinned-pinned FG beam with n segments of the same length. The function ( ) ⋅ f occurring in equations . The calculations were carried out for various numbers of segments n = 2; 5; 10; 15. Four dimensionless eigenfrequencies for the function ( )
are presented in Table 1 and for the function ( ) ( ) Table 2 .
From Table 1 it is seen that the obtained results for 5 = n and 10 = n differ at most by 0.87% and for 10 = n and 15 = n they differ at most by 0.29%. Analogous comparison from Table 2 gives the differences of the results 4.07 and 0.79%, respectively.
Conclusions
The main conclusion of this contribution is that the proposed approach can be applied to the analysis of free vibration problems for axially functionally graded beams. The primary idea presented here is to approximate the FG beam by the beam with piecewise exponentially varying geometrical and material properties. The example shows that the accuracy of the numerically obtained eigenfrequencies improves as the number of segments increases. The numerical example presented in this paper concerns a pinned-pinned beam, but the proposed method may be used in the vibration analysis of FG beams with other boundary conditions.
